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» Begin with a FF4+CP design.

» Follow path of steepest ascent until the
model breaks.

» New FF+CP; repeat steepest ascent.
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» Today: Fitting a model to a curved //

response surface.
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» The FF designs used for process improvement are usually augmented
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Testing for lack of fit due to curvature

We want to compare the degree of curvature to the uncertainty (pure
error) in our center points. We compare using a sum-of-squares approach.

1. Vcenter = mean response of the ngenter CENter points
Vract = mean response of the ng, factorial points

2.
- 2
SSeure = nfactncenter(}/fact y::enter) : DF(Sscurve) -1
Nfact + Neenter
3.
SSerror = Z (}/l - }_/center)2; DF(SSerror) = Ncenter — 1
center
points
4,

SScurve/DF(SScurve)

FCLIYVE -
Sserror/DF(SSerror)
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Example: Testing for curvature (Myers 2009)

1. racr = (39.3 + 40.0 4 40.9 + 41.5)/4 = 40.425
Veenter = (40.3+40.5+40.7+40.2+40.6) /5 = 40.46

4 x 5 x (40.425 — 40.46)°

SSeurve = 155 = 0.0026
3.
SSerror = (40.3 — 40.46)% + - - - + (40.6 — 40.46)°
=0.172
* 0.0026/1
Feurve = m = 0.0605

pf(0.0605, 1, 4, lower.tail=FALSE) — p < 0.818.
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The steepest ascent method

1. Run a FF design augmented with replicated center points.
2. Fit a first order model and check for lack of fit.
> If significant lack of fit, switch to Response Surface Methodology.
3. Perform runs along the steepest ascent path until the response diminishes.

4. Go to (1) and repeat using the location of maximum response as the new
center point.

5. Switch to a curved model and Response Surface Methodology (RSM).
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Fitting models with curvature

» We need two things to model a curved response surfaces:

1. A model that is flexible enough to curve.
2. Data that can detect the curvature.

» The optimal operating conditions correspond to a maximum in the
response surface.

» We need models that can contain maxima.

» FO + TWI models are curved, but are rarely bounded.

y =204 3.6x1 — 1.8x2 — 0.6x1x2

Set x; = 0, then y — 0o as x; — oo.
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Nonlinear response surfaces

» The true model for any system is a general nonlinear function
y = f(x1, X2, ..., Xk)
» If you know f for your system, congrats! Fit its parameters with
regression and use it.

» Usually we don't know f, so we approximate it with a simpler function.

» We are not claiming that f is a particular shape. Rather, we claim that
an approximation is “good enough” over our domain of interest.



Approximating f with a general quadratic

Let's find the second-order Taylor series of f(x1, x>) centered at zero:
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Approximating f with a general quadratic

Let's find the second-order Taylor series of f(x1, x>) centered at zero:
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f(x1,x) = Lo+ Pix1+ Boxa + 511X12 + 522X22 + Prxixe
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» The function f and its derivatives are unknown, so we fit the parameters
[ with a linear model.

» In general we will have k factors and the quadratic approximation will be
y =0+ Z Bixi + Z ﬂuX: + Z Z /BUXIX_/
j=1 i=1

» This model has 1+ 2k + k(k — 1)/2 parameters, so RSM designs must
have at least this many runs.



